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Abstract 
The geometric model of a surface is formed taking into consideration the set of functional, structural, technological, economic, 
and aesthetic requirements. These requirements are formulated in terms of geometry and are expressed through the surface 
parameters. The surface is modeled with the help of either the kinematic method or the two-dimensional interpolation method. In 
accordance with the kinematic method, the surface is formed as a continuous one-parameter set of curves which forms the 
simulated surface. The kinematic method studied in the article is based on the curves of the second order with variable 
eccentricity. In order to control the shape of the constructed surface, directing ruled surfaces are used. The authors develop a 
computer program which determines the eccentricity of the forming curves depending on the boundary conditions. The program 
allows plotting a curve of the second order assigned by the arbitrary set of five coplanar points and tangents. When modeling a 
surface passing through a close circuit, this circuit is mapped in four-dimensional space. The abovementioned mapping gives a 
larger control over the shape of the surface. It is shown that the kinematic method of computer surface modeling has more 
technological advantages compared to the interpolation method. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of the International Conference on Industrial Engineering (ICIE-
2015). 
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1. Introduction 
The surface properties are dependent on the properties of the lines which form this surface.  For instance, when 
designing streamlined surfaces circular rational curves are used [1, 2]. One of the main ways of modeling is a 
method of forming the kinematic surface [3, 4]. Curves of the second order can be used for forming a frame of a 
surface [5]. The main instrument of modern CAD modeling of curves and surfaces are NURBS-curves [6, 7]. 
 
 
* Corresponding author. Tel.: +7-351-267-92-60. 
E-mail address: khmarovali@susu.ac.ru 
© 2015 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of the International Conference on Industrial Engineering (ICIE-2015)
776   V.A. Korotkiy et al. /  Procedia Engineering  129 ( 2015 )  775 – 780 
If there are no special requirements to the surface straight or curved lines of the second order can be used for its 
modelling. Therefore, the author represents the actual task of developing a method of computer simulation of 
geometric surfaces with curves of the second order. 
Algorithms for constructing the curves of the second order which pass through the given points and which are 
tangent to the given lines are known from the course of projective geometry [8, 9]. Some algorithms are practically 
implemented in the programs [10, 11]. Full solution to the problem of constructing the curve of the second order is 
considered in [12, 13, 14]. The program of constructing the curves of the second order is implemented in the 
Autocad graphic editor in the Autolisp language [15]. Kinematic method of constructing a surface is considered in 
descriptive geometry [16]. Additional modeling capabilities appear in the process of mapping the surface on a four-
dimensional space [17, 18]. 
2. Task Assignment  
The rectangular spatial close circuit ABCD is given, the front segments AB and CD are the arcs of the curves of 
the second order. The side segments AD and BC are the arbitrary smooth curves (Fig. 1).  It is required to construct 
a continuous smooth surface based on this contour.  
 To solve the problem it is proposed to use two different ways of modeling.  According to the first method, the 
curve m which is called the forming curve slides along the segments AD and BC gradually changing their shape 
from arc AB to arc CD [19, 20].   Another way of modeling is based on mapping of the ABCD surface on four-
dimensional space. 
We require that the forming curve m is a curve of the second order.  The curve of the second order has five 
degrees of freedom on a plane; therefore, to control the shape of the forming curve five conditions should be 
specified. Suppose, for example, the surface must pass through the convex forming curve n the plane of which is 
parallel to the plane of the side segments of the circuit (Fig. 2). We shall indicate the following support ruled 
surfaces: conoid Ș (AD, a) and cylindroid ȥ (BC, b).  The simulated surface is tangent to conoid Ș at points of the 
section AD and to cylindroid ȥ - at the points of the segment BC. 
The forming curve n and two adjoining ruled surfaces Ș, ȥ completely define the surface which is based on the 
four-bar contour. Setting an arbitrary value y corresponds to two points on the side segments of the contour, two 
tangents at these points and a point on the forming curve n. The five elements (three points and two tangents) define 
a single second-order curve. This curve is the desired forming curve m at a given value of the coordinate y. Thus, the 
constructed surface is not determined by a two-parameter set of points but with a one-parameter set of curves of the 
second order.  
We consider three options of forming the surface - with a convex (Fig. 3a), a rectilinear (Fig. 3b) and a concave 
(Fig. 3c) additional directing curve n the plane of which is parallel to the plane of the side segments of the 
supporting contour. In accordance with the considered algorithms there appears a continuous smooth surface formed 
by a one-parameter set of curves of the second order. 
Fig. 1. The support contour Fig. 2. The determinant of the surface 
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The task can be solved by means of a two-dimensional interpolation (loft) available in a graphically-oriented 
CAD. We compare the results of geometric modeling obtained by using loft computational procedure and by the 
considered algorithm. For the comparison we choose the surface with a concave directive curve. We compare the 
surface profiles in sections which pass through the forming curves n1, n2, n3 (Fig. 4). According to the proposed 
algorithm, the surface comprises rectilinear forming curves n1, n2. But loft computational procedure generates a 
surface where instead of rectilinear forming curves there arise noticeable oscillations n1 ', n2' which should be 
considered as structural defect of the model. 
3. Examples of Kinematic Surfaces 
With the help of the considered algorithm we can obtain geometric models of various architectural shells based 
on arbitrary flat or spatial contour (Fig. 5). The shell which is based on a flat contour and intersects the segments of 
the ellipse e and the hyperbole g includes the watershed line n. 
The form of the shell varies with the position of the directive curve BC and AC (Fig. 5a). Oval surface which is 
based on the arc of the ellipse e is formed by the curve of the second order m which slides along the directive curve 
n (Fig. 5b). The surface on a rectangular contour is formed by the movement of the forming curve the shape of 
which is changed from a triangle with a vertex A to the arc of the circle (Fig. 5c). 
 
Fig. 3.  (ɚ) the surface on the closed circuit convex guide; (b)  the surface on the closed circuit 
straight guide; (c) the surface on the closed circuit concave guide 
a b c 
Fig. 4. Comparison of profiles 
 
 
Fig. 5.  (a-b) shell on a random basis; 
(c-f ) shell on a rectangular base 
 
a b c 
d e f 
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Suppose it is required to pull the shell on the spatial contour consisting of a circle, a triangle, a segment of a 
straight line, and directive lines d, e (Fig. 5d). In this case part of the surface is formed by a second-order curve and 
changes shape from an arc to a straight line. 
Fig. 5, d, e shows a shell resting on a rectangular base. Carcasses of all surfaces, as shown in Fig. 5, are formed 
by arcs of curves of the second order. 
If the shell is based on a flat triangular or quadrangular foundation its frame can be formed by two families of 
curves of the second order [21, 22]. Suppose it is required to construct a smooth shell on a rectangular base (Fig. 
6a). The surface is formed at parallel movement of the forming line along the directive watershed line lying in plane 
xz. The arc of an ellipse is used as a watershed line. The image of the line changes its shape from an elliptical arc to 
a segment of the line. The surface is formed by two families of ellipses and may be called an elliptical dome. 
An elliptical dome on a rectangular foundation is described by an algebraic equation of the fourth order 
2 2 2 2 2
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             (1) 
where a0, b0, c0 are the dimensions of the dome. In the section of the dome with the plane z = 0 we obtain two 
pairs of parallel lines x = a, y = b which correspond to a rectangular base. 
The shell with a foundation in the shape of a right triangle contains three families of elliptic forming lines and is 
described by an algebraic equation of the third order 
2 2 2 0,xy xy x y zG
H
             (2) 
where a0, b0, c0 are the dimensions of the dome. In the section of the dome with the plane z = 0 we obtain two pairs 
of parallel lines x = a, y = b which correspond to a rectangular base. 
The shell with a foundation in the shape of a right triangle contains three families of elliptic forming lines 
and is described by an algebraic equation of the third order 
,0222   zyxxyxy
H
G     (3)
where the coefficients į and İ are determined by the ratio of the base and the height of the dome (Fig. 6b). 
4. Surface in a Four-Dimensional Space  
The single-valuedness of the construction of a two-dimensional surface in four-dimensional space R4 is achieved 
thanks to the following properties of this space [23, 24-26]. 
Property 1. Two planes of the general position in the space R4 not nested in one hyperplane intersect in one point. 
Property 2. If the plane is perpendicular to the hyperplane xyt the orthogonal projection of this plane on xyt is 
degenerated into a straight line. 
Fig. 6. (a) elliptical dome on a rectangular base; (b) elliptical dome on triangular 
base 
 
a 
 
b 
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By assigning the nodal points of the support contour ABCD with the arbitrary coordinates on the axis t we obtain 
the hyperepure which consists of two three-dimensional projections of the contour on the front Ƚ(xyz) and horizontal 
Ƚ'(xyt) hyperplanes (Fig. 7). Surface is a two-parameter set of points, so in R4 two beams of intermediary planes 
should be set. According to property 1, any pair of planes intersects at one point. A two-dimensional set of points of 
the intersection of the intermediary planes in R4 determine the surface which passes through the reference contour 
ABCD. 
If one of the links of the four-link circuit has been degenerated into a point then the considered algorithm 
maintains its constructive certainty. Suppose it is required to create a graphical computer model of the triangular 
freely stretched sail canvas ABC (Fig. 8a). By assigning the nodes A, B, C with the arbitrary coordinate values along 
the axis t we obtain the hyperepure of the three-link contour in a four-dimensional space (Fig. 8b). 
 
 
b a 
Fig. 8. Four-dimensional model of a sail: a – prototype;  
b – model  
Fig. 9. Four-dimensional model  
of a surface ship 
 
Fig. 7. The surface in the R4
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Suppose it is required to build a unit of a shipboard surface which is limited by the deck line BC, the keel line 
AD, and frame timbers CD and AB (Fig. 9). We deliver the ABCD contour in the space R4 giving the nodes arbitrary 
coordinates on the axis t. We also set the correspondence ĳ1 between the points of the links AB and CD by the 
intermediary hyperplanes of the level x = const, and the correspondence ĳ2 between the points of the links BC and 
AD by using hyperplanes of the level y = const. Pairs of points correspondent in ĳ1determine the beam of planes į 
which range from the deck to the keel. Pairs of points correspondent in ĳ2 determine a beam of planes Ȧ which 
range between frame timbers AB and CD. The set of points of intersection of the planes į and Ȧ in R4 determine the 
desired surface. 
Thus, if the deck line is defined as a curve of the second order the surface may be formed by the movement of the 
curve of the second order MN in accordance with the directive curves of the frame timbers AB and CD.  
5. Conclusion 
A method of computer modeling of geometric surfaces with curves of the second order as the major formative 
element is proposed. Algorithms of modeling are based on kinematic representation of a surface in the space of three 
or four measurements. For a constructive implementation of the proposed algorithm a program of construction of a 
curve of the second order which passies through the given point and tangent to the set of lines are given. 
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